A method of sensitivity analysis is proposed to detect the influential observations in Hayashi's third method of quantification (Hayashi, 1956) . It evaluates the changes of the eigenvalues and the scores assigned to the categories and/or individuals due to a small change of the weights for a single or multiple individuals (or categories) by using the perturbation theory of eigenvalue problems. College of Liberal Arts and Sciences, Okayama University, 2-1-1, Tsushima-naka, Okayama 700, Japan
Introduction
Recently many methods have been investigated to evaluate the influence of a single or multiple observations on the result and to detect the influential observations in regression analysis (Belsley, Kuh and Welsch, 1980; Cook and Weisberg, 1982) . If the conclusion depends heavily upon one or a few observations, we must be very careful to decide whether to include those observations or not.
The problem of influential observations is not special to regression analysis, but common to the other statistical methods including the methods of quantification. We shall consider the above problem in Hayashi's methods of quantification (Hayashi, 1956) . In the present paper we shall take up Hayashi's third method of quantification, which is mathe matically equivalent to the correspondence analysis (Benzecri, 1973) . We shall use the term sensitivity analysis because various types of data other than ordinary multivariate observations are treated in quantification and the problem is to evaluate how a small change of the input (data) has an influence upon the output (result of analysis).
In section 2 we briefly explain Hayashi's third method of quantification.
Then in section 3 we propose a method to evaluate the influence of a single or multiple individual (s) or category(ies) on the result of analysis by using the perturbation theory of eigenvalue problems and in section 4 we give numerical examples to show the usefulness of the proposed method.
Finally in section 5 discussion and summary are given. The fundamental technique of our work is the perturbation theory of eigenvalue problems. The same technique has been used in many statistical fields, for example, in the investigation of the robustness of classical scaling by Sibson (1979) , of the asymptotic distributions of statistics based on the sample correlation matrix by Konishi (1979) and of the asymptotic theories of the methods of optimal scaling by Tanaka (1978 Consider the case where we wish to gather together the individuals which respond to the similar categories and also gather together the categories which are responded by the similar individuals. In order to do so we should rearrange the rows and columns to bring the marks close to the diagonal part. In Hayashi's third method of quantification the rows and columns are quantified operationally so that they can be rearranged to satisfy the above condition by using the assigned scores. For the convenience to develop a method of sensitivity analysis we formulate the method of quantification in a generalized manner. Now let us assign numerical scores x, and y; to the individual i and category j, respectively. The scores (x1) and {y; } should be assigned in such a way that the individ uals and the categories with similar response patterns have similar values. Then, when the individual i responds to the category j, we consider as if we obtain a two-dimensional observation (xi, y;) and maximize the correlation coefficient between {x=} and {y;}.
Then the problem becomes as follows : ;'_, i=1 f g l The both eigenproblems have a trivial eigenvalue A2= 1 and the associated eigenvectors ( g , -.
•, g ) and ( f77, ..•, f ), respectively. The other eigenvectors satisfy the constraints (2.4) or (2.5) because they are all orthogonal to the vector ( g, g ) or (v/f, , f7 ). It can be verified easily that each eigenvalue is equal to the squared correlation coefficient between the corresponding {y; } and {xi }. Therefore we should use the eigenvectors (u,,, •••, uR1) and (v1,, •••, vn1 ) associated with the largest eigenvalue A excepting A1=1 and assign the scores {y; 1 } and {x i 1 } obtained by the following equations.
where the eigenvectors (u;,) and (vi,,) are normalized so that they satisfy 11 Ujs 11=11 Vis 1 for any s. If we cannot grasp the relationship among the categories or individuals well with the above {y;1 } and {xi 1 }, we may use the eigenvectors (U 12, • • •, UR2) and (V12, • • •, vn2 ) associated with the second largest eigenvalue .12, and assign the second sets of scores {yj2} and {x i 2 } obtained by (2.8). These scores are the solution of the maximization problem (2.1) to (2.5) under the additional conditions that (y;) and {x= } are uncorrelated with {y;, } and {xii}, respectively. If necessary we may assign the third, fourth,.., sets of scores {y;s} and {xis } calculated in a similar manner.
When either of the set of scores {y;s } or {xts } is obtained, the remaining set {x 5 } or {y;s } is calculated by using the following relations. But, if these configurations depend heavily upon a few individuals or categories, we must be very careful in using the result. So it may be worth to know whether the configuration of the categories is stable or not for the selection of individuals, or converse ly, whether the configuration of the individuals is stable or not for the selection of categories. In order to investigate such a problem we shall apply the idea of influence function, which is mainly used in regression analysis, to the third method of quantification.
The equations (2.6) and (2.8 ), which determine the scores { y j }, are rewritten as follows. .2) means the normalization that an eigenvector (u j) has a unit norm and the corresponding scores {y j } have unit variance. In matrix notations HU = UO (3 .4) U'U =I were 0 is a diagonal matrix with the eigenvalues 01= A ~, 02 = ~l2 ..., OR= A R in its diagonal parts and U is a matrix with the eigenvectors in its columns. Now let the weights for individuals be
Then the (j, j')-th element h jj'(E) of H (E) is expanded as
hjj'(E)=hjj•+Eh;;'+E2h;'+O(E3), (3.6) where hjj' is the value of h j j -(E) in the case when E=0 and
Generally, when the matrix H (E) _ (h jj ' (E)) is expanded in a power series convergent in a neighborhood of E = 0, then there exist power series 01(E ), ..., OR(E), u j 1(E ), ..., u jR (E ) all convergent in a neighborhood of E = 0 (Kato, 1980 ; Rellich, 1969) . Let e + E 0(1'+ E2 0(2' +... and U + E U `1' + E2 U 12' + ... be the eigenvalues and eigenvectors of H(E), then
Comparing the coefficients of the 1st and 2nd orders of E, we obtain the following relations.
1st order : (3.11) 2nd order:
where Z"j)= U' U(1) Z(2)= U' U(2)(3.13)
If it is assumed that the eigenvalues of interest {9s, s=1, --•, q } are all distinct, the 1st and 2nd order terms of eigenvalues and eigenvectors are expressed as follows. 1st order : BSl)-21 Z hkk' ukS uk's, 
YJS 2 de2 E=o gj ~C 4g; 2Ngj 4N2) ujs
Using these differential coefficients we can evaluate the influence of each observation on the eigenvalues and the corresponding scores assigned to the categories.
That is, when the weight for the individual i is slightly changed from 1 to 1-6, the eigenvalues and the scores are changed as follows.
6S)
OS +'_esl)+E2es2)+ As summarized measures of the change of scores {y;s } we shall use the following two values to evaluate the amount of influence on the scores {yjs} assigned to the categories.
(1) Euclidean norm of the difference of the two matrices Y1= (yis) and Y2 = (y;s + (1)+ 2 (2) where q is the number of dimensions of interest.
(2) RV coefficient between the same two matrices RV( Y1, Y2)= ~,~ ~yYl •Y22 Y (3.23)
1I 1 1 II I) 2 2 II where Y1 and f2 are the matrices made from Y1 and Y2 by centering column wisely.
The RV coefficient is a measure of closeness between two configurations, which is invariant under any shift or rotation of axes for one or both configurations (Robert and Escoufier, 1976) .
The changed values of scores {xis } are calculated from the changed values of eigenvalues (As) and scores {ys } by using the equation (2.9). (3) The figure "1" indicates that the food is accepted in the group in the sense that the mean scores using a 9-point scale is larger than 6.0 and the figure "0" indicates the opposite.
Evaluation of the influences of multiple observations
The methodology used in the case of a single observation can also be applied to the case of multiple observations. We shall change the weight for the individuals {i I is s' } from 1 to 1-s. Then, like in the case of a single observation we obtain an expansion of the matrix H (s) _ (h, ' (e) ), h"'(e)=h;;-+-h;'+e2h;'+0 (s3) h"~ 8 {C ~t ~g1) ),+( ~ i=1 j, ~_ ~g~ ) )2+ 4 ` O_ ~gj,) ~t `(j," ) _1 21 3.27) 2 f= g Cc=1 \ gj gj'
Thus, by substituting (3.26) and (3.27) into (3.14) and (3.15) and by modifying (3.18) and 4Nz (E O=f: )2} ujs+{ 1 E Oz(3i(.i ) N E 0if=} ujs'+ u;s'], gj we can evaluate the influences on the eigenvalues and the scores assigned to categories.
We can easily verify that h;' in (3.24) can be obtained by adding h;' in (3.7) for the individuals included in sY . So if we consider only the first order term, we can easily calculate the results for multiple individuals from those for a single individual. Table 4 The amount of influence of each food (Example  1) 4. Numerical examples Example 1. Table 2 is a part of the result of the survey on food acceptance (Toda and Tanaka, 1968) . It shows whether each of 12 foods is accepted or not in each of 10 groups, which are constructed by age and sex.
First let us apply Hayashi's third method of quantification to these data. The com mon eigenvalues S of (2.6) and (2.7) and the corresponding quantities {y js } and (x=,) are Table 5 Food acceptance data-acceptance patterns of 12 drinks in 10 groups (Example 2) Fig. 4 Change of the configuration of 10 categories (groups) {y js }--* {y js + -As"), U = 0.3 ), when the weight for individual 2 is slightly changed from 1 to 1-E (Example 2) Fig. 5 Change of the configuration of 10 categories (groups) {y;s }, {yjs + Fy;s'}, (E _ 0.3 ), when the weight for individual 2 is slightly changed from 1 to 1-E (Example 2) given in Table 3 . Table 6 The amount of influence of each drink (Example 2) Observing that the values A3, X14,... are relatively smaller than A; and ,2, we neglect the third and higher dimensions and use two-dimensional scores {y;l, yj2} and {xt1, x22}. The configurations of the categories {y;1, y;2} and the individuals {x21, x22} are shown as small circles in Fig. 1 and 2 , respectively. Looking at the configuration of the categories, we may interpret that the first axis reflects young vs. old and the second axis reflects the middle age vs. the others. From the configuration of the individuals (foods) we may say :
(1) "Croquette" and "iced noodles" are located far from the others. (2) "Croquette", "curry and rice", "ham" and "flied noodles" are located right. So they suit to the taste of younger people.
(3) "Iced noodles", "sliced raw fish" and "broiled eel" are located left. So they suit to the taste of older people. Next let us apply the sensitivity analysis developed in the preceding section. In order to evaluate the influence of each individual on the configuration of the categories we calculate the differential coefficients {O (11}, {ys'} and {x= s1}, and summarize these into the four values shown in Table 4 . According to this table it seems that the individuals (foods) 2 and 6 are influential. Fig. 1 shows the change of the configuration of the categories {y js } {y js + Ey;s' }, (E = 0.3 ), due to a small change of the weight for individual 2. The corresponding change of the configuration of the individuals {xts} {xis + ex(s' }, (E = 0.3 ), is given in Fig. 2 . In these figures there occur little rotations of the configurations but the changes are so small that they do not affect the interpretations. Fig. 3 shows the change of the configuration of the categories {y;s } = { y js + Ey;s' }, (e = 0.3 ), due to a small change of the weights for multiple individual No. 2 and 6. Also in this figure the change is not large. Example 2. Table 5 The influence of each individual on the eigenvalues and scores are summarized in Table 6 . The locations of the categories and their movements due to a small change of the weight for the most influential individual (No. 2 =beer) are shown in Fig. 4 and 5. The locations of ten categories especially on the 1-2 plane suggest us the existence of three clusters such as the children cluster, the adult men cluster and the adult women cluster. However, after the weight for individual 2 is changed, the distinction of the three clusters is not so clear on the 1-2 plane. It may be due to the rotation on the 2-3 plane appeared in Fig. 5 .
Discussion
We have investigated how the result of Hayashi's third method of quantification changes when the weight for a single or multiple individuals is changed slightly.
We considered up to the first order term of e and used the differential coefficients {OS1 {yW} and {xts'} to evaluate the influences on the eigenvalues and the corresponding scores in the above examples. If the sample size is sufficiently large so that 1/g;<<1 and o`(j) d`(j') a=l(j) ail(j)<l for any j and j' , the values BS+8111 and y;s+y;s' give the ft ft, approximations to the results when the individual i is deleted. So we may consider that Fig. 1, 4 and 5 indicate approximately 3/10 times the changes due to the deletion of the individual i . We can improve these approximations by using the second order terms in the power series expansions of the eigenvalues and the corresponding scores given in section 3. To examine the effect of the second order term we show the result of sensitivity analysis of the first example obtained by using up to £2 in Fig. 6 . Comparing Fig. 6 with Fig. 1 we may say that the effect of the second order term is not so large even in our example of small sample.
As measures for the amount of influence we used 1 the differential coefficient 0111 of the s-th eigenvalue, (2 the Euclidean norm 11 y.9) II of the differential coefficients of y;,-scores, and (3 the R V-coefficient between the two configurations {yjs } and {yjs + Eys'}. The first measure indicates the change of the proportion explained in the s-th dimension. The other two indicate the change of the configuration {y;s }. The Euclidean norm II y;s' II is simply the total length between {y js } and { y;s + y,s' }, while the RV-coefficient is a measure which is invariant under any orthogonal transformation of {yjs + Ey;s'} and becomes zero when an orthogonal transform of {yjs+Ey;s'} coincides with {yjs}. So when a rotation occurs, the change measured by the RV-coefficient is small, though the change measured by the Euclidean norm in large. Such phenomena were observed in our two examples, especially in Example 2.
For investigation of the influence of multiple individuals it is not realistic to consider all possible combinations of individuals because the number of combinations is extraordi narily large. As is shows in section 3.2 the first derivatives of a set of individuals is evaluated by adding the derivatives of each individual belonging to the set. Hence it is expected that the influence of a set of individuals which have similar {y;S)} values becomes large. To collect the similar individuals it may be useful to apply the principal component ananysis or the cluster analysis to the n x Rq data matrix G of the first derivatives.
In Hayashi's third method of quantification the formulation is symmetric for rows (individuals) and columns (categories). Therefore we can evaluate the influence of each category by changing the position of individuals and categories in the preceding formula tion.
